We analyze the increase in precision of parameters estimation for polarization-resolved second-harmonic generation imaging microscopy when two intensities are measured with two orthogonal analyzers. The analysis is performed for measuring anisotropy parameters and molecule orientation for samples with cylindrical symmetry in the presence of photon noise with Poisson statistics. The improvement in comparison to global intensity measurement (i.e., without analyzer) is discussed. © 2012 Optical Society of America OCIS codes: 180.4315, 190.1900, 030.6600, 110.4280, 110.5405. Polarization-resolved second-harmonic generation (PSHG) microscopy is a powerful technique for biomedical imaging, able to provide structural information on fibrillar collagens in a large variety of tissues [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . This technique, based on the measurement of SHG intensities for different incident linear polarization directions, still requires adequate strategies to increase the precision of the structural parameter's estimation, and potentially reduce the acquisition time. The precision of this technique has recently been analyzed [12] for samples with cylindrical symmetry but only for global intensity measurement, i.e., without analyzer and denoted 1PSHG in the following. It is, however, possible to measure the intensities of two orthogonal linear polarization states as shown, for example, in [13] [14] [15] and that will be denominated 2PSHG measurements in the following. In that case two intensities are measured as a function of the incident polarization angle instead of only one intensity as analyzed with 1PSHG [12]. We propose in this Letter to quantify the improvement in the structural parameters estimation with 2PSHG measurements that are limited by photon noise described with Poisson distribution. We compare this precision with 1PSHG measurements and we analyze the influence of the orientation angle of the orthogonal analyzers.
Polarization-resolved second-harmonic generation (PSHG) microscopy is a powerful technique for biomedical imaging, able to provide structural information on fibrillar collagens in a large variety of tissues [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . This technique, based on the measurement of SHG intensities for different incident linear polarization directions, still requires adequate strategies to increase the precision of the structural parameter's estimation, and potentially reduce the acquisition time. The precision of this technique has recently been analyzed [12] for samples with cylindrical symmetry but only for global intensity measurement, i.e., without analyzer and denoted 1PSHG in the following. It is, however, possible to measure the intensities of two orthogonal linear polarization states as shown, for example, in [13] [14] [15] and that will be denominated 2PSHG measurements in the following. In that case two intensities are measured as a function of the incident polarization angle instead of only one intensity as analyzed with 1PSHG [12] . We propose in this Letter to quantify the improvement in the structural parameters estimation with 2PSHG measurements that are limited by photon noise described with Poisson distribution. We compare this precision with 1PSHG measurements and we analyze the influence of the orientation angle of the orthogonal analyzers.
In polarimetric SHG, the electric field A generated by an incident optical field E is obtained with the nonlinear susceptibility tensor of the medium. Let m be the vector that represents the orientation of the high symmetry axis of the nonlinear medium. Let OXY be the sample plane. The angle between the vector m and the OX axis is noted φ 0 ; the angle between E and the OX axis is noted θ. The two intensities I α θ and I β θ are measured through two orthogonal analyzers (that project the light on two orthogonal linear polarization states) and the angle between the first analyzer and the OX axis is noted ψ (see Fig. 1 ). When the nonlinear medium has a cylindrical symmetry, the α and β components of the SHG field A can be written with the planar wave approximation
with
where μ is a parameter proportional to the mean number of measured photons and where the notations of [8] It is assumed that the intensities I α θ n jA α θ n j 2 and I β θ n jA β θ n j 2 are measured for P angles θ n 2πn ∕P with P > 8. The set of 2PSHG intensity measurements can be written χ fI α θ n ; I β θ n g n1;…;P . For each angle θ n different configurations can be considered for the analyzer angles ψ n . For example, it can be considered that ψ n is independent of n (i.e., fixed analyzer's positions), that ψ n θ n , or that ψ n −θ n .
The intensities I α θ n , I β θ n are assumed to be Poisson random variables of respective means hI α θ n i and hI β θ n i (where h i corresponds to the statistical average). Furthermore, hI α θ n i and hI β θ n i are obviously functions of θ n , ψ n , which are known quantities, and of estimate p from the set of measurements χ. Letpχ be an estimation of p, and let us assume that the estimator is unbiased, i.e., that hpχi p. The errors of estimation can thus be characterized by the covariance matrix Γ hpχ − ppχ − p T i. Let ℓχjp denote the logarithm of the likelihood of χ when the parameter is p. The Fisher information matrix is equal to I F ij −h∂ p i ∂ p j ℓχjpi where i, j 1; …; 4 and its inverse is useful to characterize the best performance achievable with an unbiased estimator. Indeed, it is well known in statistics [16] 
F v for any real vector v of dimension 4. This equation corresponds to the CramerRao bound (CRB) inequality.
For independent Poisson fluctuations for each measurement, the log-likelihood can be written
with ℓ η χjp P P n1 gI η θ n ; hI η θ n i where gx; y x logy − y − log x!, x! xx − 1… × 2 and η α, β. It is simple to see that
where the subscript V is used for 2PSHG (i.e., vectorial) measurements.
A direct but tedious calculus leads to the Fisher information matrix (see Appendix A) for the parameters 
. It thus appears that the Fisher information (and thus the estimation precision of efficient techniques, i.e., unbiased and that reaches the CRB precision) does not depend on the values of ψ n . In other words, the same precision described by the CRB is obtained if the analyzers are fixed or rotated with the field polarization angle θ n . This result also shows that the precision of an efficient estimatorφ 0V of the mean molecule angle orientation described by the variance varφ 0V hφ 0V − φ 0 2 i does not vary if the d i coefficients are known or unknown and thus estimated. Furthermore, the CRB also implies for unbiased estimators
where vard jV hd jV − d j 2 i and with A 1 A 3 3 ∕4 and A 2 1 ∕2.
Let us discuss precision estimation results as a function of μ for P 11 and for a simulated sample with d 1 d 2 1.0 and d 3 1.5 that corresponds to typical values for collagen [8] . The variance of the maximum likelihood estimations (MLE) of the parameters φ 0 , d 2 , and d 3 [i.e., obtained with an iterative algorithm that maximizes Eq. (3)] estimated with 300 independent realizations and the values of CRB V φ 0 and CRB V d j are shown in Fig. 2 . It has also been checked that the estimated bias is of the order of the respective square root of the CRB. Results for d 1 are similar to the ones of d 3 . Variances obtained when the MLE is applied to the global intensity measurements I α θ n I β θ n are also presented. The corresponding variances (varφ 0T and vard jT and where T is used for total measurements) are thus also shown in Fig. 2 . In order to accelerate and to increase the robustness of the technique, the iterative methods are initialized with parameter values equal to the ones obtained with the technique developed in [12] applied to the total intensity I α θ n I β θ n . Since measuring only the global intensity does not allow one to determine without ambiguity the parameters, the values of d j are assumed positive with d 3 > d 1 . Furthermore, it has to be noticed that, at low photon levels, the MLE can converge to local minima that can lead to variances greatly larger than the CRB.
It is interesting to notice that the variance on the estimation of φ 0 with the 2PSHG technique is approximately 6 times smaller than with the method based on the global intensity I α θ n I β θ n . In other words, for this configuration with two orthogonal analyzers and for these parameter values, the number of needed photons to obtain a fixed precision for φ 0 can be divided by a factor of 6 with 2PSHG techniques in comparison to 1PSHG methods or, for a fixed precision, the acquisition time can be divided by a factor of 6.
In [12] only an approximation of the CRB has been provided for total intensity measurements in the presence of Poisson noise when the modulation of the intensity with the polarization angle θ is low in comparison to the average value obtained for θ ∈ 0; 2π. In that case the CRB on φ 0 (i.e., CRB T φ 0 ) was approximated by
This value of CRB T φ 0 is also reported in Fig. 2 [15] .
In conclusion, using two orthogonal analyzers that produce linearly polarized light can improve significantly the precision of the molecule's orientation in the case of collagen like structure. The orientation of these orthogonal analyzers has no influence on the precision when the number of regularly spaced polarization angles of the incident linearly polarized field is larger than 8. These results contribute to fast PSHG imaging microscopy with an improved control of the precision estimation and of the image acquisition time. There exist several perspectives. The improvement of the robustness of estimation techniques will be useful, in particular at low photon flux. The extension to distribution of molecules with noncylindrical symmetry will be also interesting.
Appendix A
Since I η θ n jA η θ n j 2 one gets ∂ p i jA η θ n j 2 2A η θ n ∂ p i A η θ n and thus J η i;j 4
A β θ n T . Then, for i, j 1, 2, 3, 4, one has J i;j 4 P P n1 ∂ p iÃ T n ∂ p jÃ n . Equation (1) can be writtenÃ n R n A n ; where R n is the rotation matrix R n cosφ 0 − ψ n − sinφ 0 − ψ n sinφ 0 − ψ n cosφ 0 − ψ n :
It is easy to see that ∂ d jÃ n R n ∂ d j A n and ∂ φ 0Ã n R n ∂ φ 0 A n ∂ φ 0 R n A n . Simple calculus shows that R n R T n R T n R n I d and B n B T n B T n B n I d , where B n ∂ φ 0 R n and where I d is the identity matrix. These equations allow one to see that
where i, j 1, 2, 3 and
Thus, the Fisher information matrix is not a function of ψ n . Furthermore, the direct but tedious calculus of the summations of these expressions over the values θ n 2πn ∕P leads to Eq. (5) when P > 8.
